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We investigate how to experimentally detect a recently proposed measure to quantify macroscopic
quantum superpositions [Phys. Rev. Lett. 106, 220401 (2011)], namely, “macroscopic quantum-
ness” I. Schemes based on overlap measurements for harmonic oscillator states and for qubit states
are extensively investigated. Effects of detection inefficiency and coarse-graining are analyzed in
order to assess feasibility of the schemes.
I. INTRODUCTION
Macroscopic quantum states have provoked the imag-
inations of many physicists since the early days of quan-
tum mechanics [1]. Creation and detection of macro-
scopic quantum superpositions are difficult but interest-
ing tasks. Efforts towards such implementations have
been made, for example, using atomic/molecular systems
[2, 3], superconducting circuits [4, 5], and optical setups
[6–8]. One very important issue in efforts to create and
detect a macroscopic superposition is to have a measur-
able quantity that quantifies the degree of macroscopic
quantumness of a given state. Since the initial attempt
by Leggett [9], there have been various proposals and dis-
cussions of such measures [10–24]. In particular, a mea-
sure that quantifies the degree of macroscopic superposi-
tion for arbitrary harmonic oscillator systems, including
mixed states, was proposed [18]. This measure, which we
will call “macroscopic quantumness” I, can be straight-
forwardly calculated if the density matrix of a state under
consideration is known. However, this is generally not the
case, and given the difficulties in performing a quantum
state tomography it would be useful to have an exper-
imental method to measure directly the value of I. In
this paper, we investigate several schemes to detect I us-
ing overlap measurements and discuss their experimental
feasibility.
This paper is organized as follows. In Sec. II, we briefly
review measure I as a general quantifier of macroscopic
quantum superpositions. We then discuss in Sec. III a
general method based on an overlap measurement to ob-
serve I experimentally, and explain two broad categories
of overlap measurements. The next two sections, IV and
V, describe each method in detail for harmonic oscillator
(continuous variable) systems and two-level (qubit) sys-
tems. In Sec. VI, we investigate the effects of experimen-
tal imperfections including coarse-graining and detection
inefficiency. A summary with some remarks is given in
Sec. VII.
II. MACROSCOPIC QUANTUMNESS I
The original motivation behind the proposal of I came
from the high-frequency oscillations in the Wigner func-
tions for the Schro¨dinger-cat-like states. The Wigner
function that visualizes a quantum state in the phase
space can be calculated from the characteristic function,
which for a density operator ρ is defined as
χ(ξ) = Tr
[
ρ e(ξ aˆ
†−ξ∗aˆ)
]
, (1)
where aˆ and aˆ† are the bosonic annihilation and creation
operators, respectively. The Wigner function W (x, y)
is defined as the Fourier transform of the characteristic
function [25],
W (x, y) =
1
pi2
∫∫
d ξr d ξi χ(ξr, ξi)e
−2 i (x ξi−y ξr), (2)
where the subscript r (i) denotes the real (imaginary)
part of ξ. The frequency of a Wigner-function component
along the real (imaginary) axis is ξr (ξi) and its complex
amplitude for a specific frequency ξ corresponds to χ(ξ).
As a typical example, let us consider a superposition
of two coherent states (SCS) [6, 26–29]
|ψscs〉 = N+(|α〉+ |−α〉), (3)
where the amplitude α is assumed to be real without
loss of generality and N+ is the normalization factor. In
the phase space, its Wigner function displays interference
fringes between two peaks at ±α as shown in Fig. 1(a) for
α = 2.3. Suppose that someone could generate a “larger”
superposition state by increasing the amplitude α, while
the generation process makes it partly lose interference
between the two coherent states. Such a mixed state
should be represented in a more general form as
ρscs = NΓ
[
|α〉〈α|+ |−α〉〈−α|+ Γ (|α〉〈−α|+ |−α〉〈α|)
]
,
(4)
where 0 ≤ |Γ| ≤ 1 and NΓ is the normalization factor.
If Γ = 1, it becomes a pure SCSs whereas it is totally
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2FIG. 1. (Color online) Wigner functions of (a) pure su-
perposition of coherent states ∝ |α〉 + |−α〉 with α = 2.3,
and (b) partially mixed superposition of coherent states ∝
|α〉〈α|+ |−α〉〈−α|+ Γ(|α〉〈−α|+ |−α〉〈α|) with α = 4.96 and
Γ ≈ 0.464. These two cases give the same value of “macro-
scopic quantumness” (Iho ≈ 5.29).
mixed when Γ = 0. Figure 1(b) presents an example of
a partially mixed state with Γ = 0.46357 and larger am-
plitude α = 4.96. Now the problem is to find a measure
of macroscopic quantumness that can account for the in-
crease in “size” and decrease in “quantumness” during
this process.
First, we note that the “frequency” of the fringes (how
dense the fringes are) reflects the “effective size” of the
superposition, i.e., how far the component states separate
in phase space. Second, the “quantum coherence” (here
we mean the degree of genuine superposition against its
completely mixed version in terms of the “pointer ba-
sis” [30]) relates to the magnitude of the interference
fringes. The point is thus how to quantify both the “fre-
quency” and “magnitude” of interference fringes in the
Wigner representation to quantify the “macroscopicness”
and “quantumness” at the same time. One promising
way is to take an integral
∫
d2ξ (ξ2r + ξ
2
i ) |χ(ξ)|2. This
integral indeed combines the required factors, “effective
size” and the “degree of quantum coherence”, in a single
measure. The formal definition of the measure Iho for an
M -mode harmonic oscillator system [18] is only slightly
different:
Iho (ρ) = 1
2piM
∫
d2ξ
M∑
m=1
[
|ξm|2 − 1
]
|χ (ξ1, ξ2, · · · , ξM )|2
(5)
where
∫
d2ξ =
∫
d2ξ1
∫
d2ξ2 · · ·
∫
d2ξM and −1 has been
inserted simply to make any coherent states or their prod-
uct states (regardless of their amplitudes) a reference
with Iho = 0.
As discussed in Ref. [31], the factor −1 in Eq. (5)
may be unnecessary as it causes I to have negative
values for some mixed states [31, 32]. If we remove
the factor −1 from the definition (for example, take∫
d2ξ (ξ2r + ξ
2
i ) |χ(ξ)|2 as the definition for single-mode
harmonic oscillator states), the measure will always be
non-negative and become zero only for an extreme mix-
ture
∑∞
n=0 |n〉〈n| where |n〉 is a number state [31]. Since
this change does not make an essential difference from
the original version (5), we stick to the original defini-
tion in this paper. We also note that the measure I is
invariant under the displacement operation [18] because
it simply shifts the Wigner function without changing its
shape in the phase space. Therefore, for example, the
class of states generated by applying the displacement
operations on microscopic entanglement [33–35] cannot
have high values of I.
Returning to the example of SCSs, Fig. 1(a) corre-
sponds to a superposition of two coherent states with
a relatively small effective size but with the full quan-
tum coherence, while Fig. 1(b) to the larger effective
size with a partial coherence. Sensibly, the measure
Iho gives the same value (≈ 5.29) for the two cases.
The aforementioned definition of I can be applied to
arbitrary states in harmonic oscillator systems such as
bosonic fields (quadrature variables of light) and mechan-
ical states with motional degrees of freedoms.
There is also an alternative definition [18] that takes
note of fast decoherence rates of macroscopic superposi-
tions [30]. Taking the purity decay rate as a measure of
a macroscopic superposition, a more general definition of
I is
I(ρ) = −1
2
dP(ρ)
dτ
, (6)
where P(ρ) = Tr(ρ2) is the purity of state ρ and τ = (de-
cay rate)×(time) is the dimensionless time. It is straight-
forward to show that I may also be represented as
I(ρ) = −Tr [ρL(ρ)] , (7)
where L(ρ) = dρ/dτ is a Lindblad superoperator. Inter-
estingly, this seemingly unrelated definition of I is shown
to be identical to the definition given in Eq. (5) [18], if
one takes a well-known decoherence model:
Lho(ρ) =
M∑
m=1
[
aˆm ρ aˆ
†
m −
1
2
ρ aˆ†maˆm −
1
2
aˆ†maˆm ρ
]
, (8)
which describes the decay (photon loss) mechanism for
optical fields [25, 36].
Following the definition (6), instead of harmonic oscil-
lator systems, one may also consider the degree of macro-
scopic quantumness for qubit states (N two-level systems
spanned in a 2⊗N Hilbert space) such as spin-1/2 sys-
tems. Assuming that dephasing dominates over decay
of multi-qubit systems, L(ρ) may be replaced with the
dephasing model [37]
Lqb(ρ) = 1
2
M∑
m=1
σˆz,m ρ σˆz,m − ρ (9)
and Iqb(ρ) = −Tr [ρLqb(ρ)]. In this paper, we consider
how to measure the purity decay rate for both optical fields
based on Eq. (8) and qubit systems based on Eq. (9). In
what follows, we shall use notation I(ρ) without the sub-
scripts used above as far as its meaning is obvious in the
context.
3FIG. 2. Measurement scheme for determining the macro-
scopic quantumness I for a density matrix ρin. The overlap
is measured twice, with and without induced decoherence.
III. DETECTING MACROSCOPIC
QUANTUMNESS I
A. General scheme using an overlap measurement
and added decoherence
Being a nonlinear functional of ρ, experimental detec-
tion of I seems to require a reconstruction of ρ, which
becomes quickly intractable with increasing system size.
There are, however, ways to measure nonlinear function-
als of a density matrix experimentally. In particular,
given two copies of ρ, it is possible to measure the pu-
rity of a quantum state [38–47]. This fact allows one to
measure I by simply noting that it can be written as the
limit ∆τ → 0 of
I∆τ (ρ) = −P( ρ (∆τ))− P(ρ)
2 ∆τ
, (10)
which is a measurable quantity, given a purity measure-
ment scheme and ways to induce small decoherence. The
situation is depicted in Fig. 2.
For optical fields, the decoherence caused by loss of
photons can be induced simply by using a beam splitter
of an appropriate reflectivity because of the equivalence
between the two processes [48, 49]. The dotted boxes in
Fig. 2 can thus be provided by beam splitters with an ap-
propriate ratio determined by the decoherence time ∆τ .
For the dephasing of qubit states, the method of deco-
herence may depend on how the qubits are implemented.
For example, in the case of polarization systems, random
phases can be artificially added using wave plates in a
stochastic way to implement the decoherence effects.
B. Direct measurement and controlled-swap
schemes for overlap measurements
Taking for granted that decoherence can be induced
controllably via aforementioned methods, we discuss gen-
eral schemes to measure the purity. Known approaches
are based on a simple relationship for an overlap between
two states, ρa and ρb: Tr[Vρa ⊗ ρb] = Tr[ρaρb], where V
is the swap operator defined by V |ψ1〉 |ψ2〉 = |ψ2〉 |ψ1〉
[38–44, 47]. When ρa = ρb = ρ, the overlap yields the
purity, so we discuss overlap measurements in order to
keep the discussion more general. Broadly speaking, the
overlap measurement approaches can be divided into two
categories depicted in Fig. 3.
FIG. 3. Two schemes of an overlap measurement. (a) Direct
measurement of the swap operator using an unitary mixing
and detections. (b) Controlled-swap method where only a
single detection is needed. In addition to the detector and the
swap gate (V), two Hadamard gates (H) and a phase shifter
(φ) are used.
The first method, shown in Fig. 3(a) is to per-
form a direct measurement of the unitary operator V
[41, 43, 44, 50], comprised of an unitary operation that
mixes two input states and subsequent detections. For
the overlap between two qubits, this is equivalent to a
measurement of the antisymmetric projector, which can
be performed with a beam splitter and photodetectors
for polarization qubits [41]. The case of two multi-qubit
states has been studied by Alves and Jaksch [43] in an
optical lattice setting, where two internal states of the
trapped cold atoms represent the qubit. The case of
harmonic oscillator states has been first addressed by
Pregnell [44], where the author considers ‘decomposing’
the swap operator into a unitary transformation and a
measurement. Very recently, Daley et al., rediscovered
the method independently and generalized it to arbitrary
multi-partite states [50].
The second method shown in Fig. 3(b) is to perform
a controlled-swap (C-SWAP) operation, where the states
are swapped only if the control qubit is in one of the com-
putational basis states (for example, the vertical polariza-
tion state |V 〉 for a single photon polarization qubit). The
scheme is similar to the usual interferometer: the qubit
goes through the Hadamard gate, a phase shifter, another
Hadamard gate, followed by a (visibility) measurement,
but different in that after the phase shift, controlled-
SWAP operation is performed. The visibility then cor-
responds to the overlap between ρa and ρb [38, 39, 42].
Advantages of this method are 1) the detection is carried
out only on the control qubit and 2) it is easily gener-
alized to an arbitrary unitary operation other than the
considered swap operation. A controlled-unitary oper-
ation can be performed with the help of pre-arranged
entangled states and linear optics elements [51].
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FIG. 4. (Color online) Overlap measurement of n-partite
states. On each site denoted 1, 2, · · · , n, one unit from each
copy is mixed through a unitary operation and appropriate
measurements are performed. The unitary operation denoted
by BS is usually the beam splitter unitary or a variant of it.
Dotted boxes denote basic units of detection.
IV. DIRECT MEASUREMENT SCHEMES
We first discuss direct measurement schemes in detail
for n−partite states. When the system is comprised of n
fundamental units (in this work we take a unit to be ei-
ther a qubit or a harmonic oscillator), the swap operator
for two n−partite states is simply
V = V1 ⊗ V2 ⊗ V3 ⊗ · · · ⊗ Vn ≡ ⊗nk=1Vk, (11)
where Vk is a partial swap operator for the k-th system.
A schematic illustration of direct measurement schemes
for n-partite states is given in Fig. 4. One unit from the
first system and a corresponding unit from the second
goes through appropriate unitary interaction and detec-
tion processes. The unitary operation is of the beam-
splitter type and together with detection is repeated
throughout all units. In this section, we discuss these
two processes in detail for harmonic oscillator states and
qubit states.
A. Harmonic oscillator states
For the harmonic oscillator states, we give a brief re-
view on the method of direct measurements discussed
in [44, 50]. This method can be viewed either as di-
agonalizing the swap operator V to decompose it into
a unitary operation plus detection [44] or mapping the
symmetric and antisymmetric states into the subspaces
of even and odd numbered quanta in one mode [50]. In
this method, the unitary operation corresponds to 50:50
beam splitting whereas the detection corresponds to the
parity measurement performed on one of the beam split-
ter outputs. Basically, the unitary operation maps the
antisymmetric part of the initial state into states with
odd number of excitations in the upper output port and
FIG. 5. Direct purity measurement scheme for two harmonic
oscillator states based on a beam splitter transformation and
a parity measurement on one of the modes.
the symmetric parts into states with even number of exci-
tations. Because the symmetric and antisymmetric states
are eigenstates of the SWAP operator with eigenvalues 1
and −1, respectively, the parity measurement yields the
expectation value of the SWAP operator.
The unitary operation is generated by an interaction
Hamiltonian of the form
H = −iJ(a†k,aak,b − a†k,bak,a), (12)
where k is the site index and subscripts a, b denote copies
of the density matrix. 50:50 beam splitting is obtained
with Jt = pi/4 and the parity measurement should be
performed on the upper output port, i.e., the measure-
ment operator is (−1)nk,a . The situation is depicted in
Fig. 5 for a single site case. For n−partite states, the re-
quired detection is simply the parity of the total number
of quanta in the upper modes of all sites, i.e., (−1)
∑
nk ,
where nk denotes the photon number in the upper mode
at site k.
The parity measurement in general requires a photon
number resolving detector or a full quantum state to-
mography (for non-Gaussian states). The need of full
tomography destroys the original intent of performing
the purity measurement without full quantum state re-
construction (although the tomography is in a smaller
subspace for multi-qubit states and therefore more man-
ageable) and there is no photon number resolving detec-
tor to date. This means that, using current technology, it
would be difficult to measure I directly via this method
for interesting (high-photon number) macroscopic har-
monic oscillator states. We note, however, that there are
active ongoing researches in the development of photon
number resolving detectors [29, 52].
B. n-qubit states
The generalization of the decomposition method
for harmonic oscillator states to multi-qubit states is
straightforward and yields the following result, which, as
far as we are aware, have not been given elsewhere. The
beam-splitter-like unitary is generated by a Hamiltonian
analogous to (12):
HBS = J (σˆ+ ⊗ σˆ− + σˆ− ⊗ σˆ+) , (13)
performed for the duration Jt = pi/4, acting on each
pair of qubits. Operators σˆ± denote usual qubit raising
and lowering operators. We note that the Hamiltonian is
5proportional to σˆx ⊗ σˆx + σˆy ⊗ σˆy and thus realizable in
various spin systems. Due to the difference in commuta-
tion relationship between bosonic operators a, a† and spin
operators σ−, σ+, there is a slight change in the measure-
ment part. Instead of the parity measurement on the first
qubit, one has to measure the projection onto the state
|10〉, i.e., the measurement operator is (−1)|1〉〈1|⊗|0〉〈0|.
There exists an alternative method which is more suit-
able for single-photon polarization qubits with horizon-
tally and vertically polarized single-photon states |H〉
and |V 〉, for example. In oder to see how this method
works, note that the partial swap operator can be repre-
sented in the Bell-state basis as
Vk = P(k,+) − P(k,−), (14)
where P(k,+) = 1 − P(k,−) and P(k,−) = (|ζ−〉〈ζ−|)k with
|ζ−〉 = (|H〉|V 〉− |V 〉|H〉)/
√
2 denote the projectors onto
the symmetric and antisymmetric subspaces of the k-th
qubits, respectively. Consider a detection scheme that
gives a ‘click’ at the k-th site when the qubits on the k-
th site are in the antisymmetric state |ζ−〉. Then we can
decompose the swap operator into
Tr[Vρa ⊗ ρb] =−
(
The sum over probabilities of hearing clicks on an odd number of sites
)
+
(
The sum over probabilities of all other click events
)
=1− 2
∑(
The probability of detecting odd number of events
) ≡ 1− 2∑Podd. (15)
For single-photon polarization qubits, the detection of
the antisymmetric portion can be simply carried out by
first mixing two photons in a beam splitter and detect-
ing the coincidence events [53–55]. The same can be done
for bosonic atoms, where the qubit is represented by two-
species of atoms [43]. There, the beam splitter interac-
tion is provided by the usual tight-binding form.
V. CONTROLLED-SWAP SCHEMES
In general, the difficulty in implementing a C-SWAP
operation is in finding the right type of nonlinear interac-
tion. In this section, we summarize a previous proposal
by Filip [39] for harmonic oscillators for completeness
and provide a new scheme for single-photon polarization
qubits based on a general scheme proposed by Zhou et
al. [51]. We note that Lee et al.’s method [47] to imple-
ment a C-SWAP gate can also be applied for our purpose
here.
A. Harmonic oscillator states
In Ref. [39], Filip noted that the C-SWAP gate on
optical states can be written as
UX = U
†
R UCPS UR, (16)
where UR = exp
[
(pi/4) (aˆ†0aˆ1 − aˆ†1aˆ0)
]
is the usual 50:50
beam splitter unitary, UCPS = exp
(
ipi aˆ†1aˆ1 |V 〉〈V |
)
is a
controlled phase shift operator, and aˆ0 (aˆ1) refers to the
annihilation operator for mode 0 (1).
To see that UX is indeed the required operator,
we first note that UR mixes the annihilation opera-
tors as U†R aˆ0 UR = (a1 + a0) /
√
2 and U†R aˆ1 UR =
(a1 − a0) /
√
2 so that
UX = exp
[
i
pi
2
(
aˆ1 − aˆ0
)† (
aˆ1 − aˆ0
) |V 〉〈V | ] . (17)
From this expression it is easily seen that
UX aˆ0 |V 〉〈V | U†X = aˆ1 |V 〉〈V | ,
UX aˆ1 |V 〉〈V | U†X = aˆ0 |V 〉〈V | ,
UX aˆ0 |H〉〈H| U†X = aˆ0 |H〉〈H| ,
UX aˆ1 |H〉〈H| U†X = aˆ1 |H〉〈H| , (18)
completing the proof that the unitary operator UX is the
sought-after C-SWAP operator.
The form of the controlled phase shift operator arises
often in the discussion of quantum nondemolition mea-
surements [56], which have been discussed in the set-
tings of cavity quantum electrodynamics (QED) [57, 58],
trapped ions [59, 60], and electromagnetically induced
transparency (EIT) [61, 62] among others. The cavity
QED scheme involves dispersive atom-field coupling, giv-
ing rise to an effective interaction of the form aˆ†aˆ σˆ+σˆ−
[58]. The trapped ion version is based on a realization
of the Hamiltonian H = λ aˆ†aˆ (σˆ+ + σˆ−), which arises
when the qubit is driven resonantly with a small Rabi
frequency (smaller than the vibrational energy) [63]. The
EIT version utilizes the cross-Kerr nonlinearity aˆ†aˆ bˆ†bˆ,
i.e., the role of the qubit is now played by a single photon
thus requiring large cross phase modulation [61].
B. n-qubit states
We now discuss a feasible scheme to detect macroscopic
quantumness I for multi-qubit states based on the linear
6FIG. 6. (Color online) (a) C-SWAP gate for two single-photon polarization qubits. P represents the conditional change of the
paths as a part of a CP gate, and H represents a Hadamard gate. (b) Construction of a CP gate. PBS represents a polarization
beam splitter and HWP a half-wave plate. (c) Alternative way to construct a C-SWAP gate for two single-photon polarization
qubits. BS represents a 50:50 beam splitter, pi represents a pi phase shifter, and D1 to D4 are photodetectors. (d) C-SWAP
gate for two multi-photon polarization qubits.
optical implementation of controlled-unitary gates intro-
duced in Ref. [51]. Here, polarization states of photons
are used to encode the qubits.
Let us start by describing the simplest case of measur-
ing the overlap between two qubit states |ψ〉 and |φ〉, as
depicted in Fig. 6(a). The basic idea is to add auxiliary
modes, conditionally interchange the original and auxil-
iary modes, perform swap on the auxiliary modes only,
and interchange the paths conditionally once again. The
main primitive used in this method is the controlled-path
(CP) gate, which interchanges the paths of the two in-
coming photons only if the control qubit is in, say the
state |V 〉.
To see how the scheme works, consider the initial state
of the whole system, given the control qubit state |ψc〉 =
ch |H〉+ cv |V 〉:
ch |H〉 |ψ〉 |0〉 |φ〉 |0〉+ cv |V 〉 |ψ〉 |0〉 |φ〉 |0〉 . (19)
The first two CP gates are applied as depicted Fig. 6(a).
As shown in Fig. 6(b), a CP gate can be implemented us-
ing two polarization beam splitters (PBSs), two C-NOT
gates and a half-wave plate (HWP) [51]. If the control
qubit |ψc〉 is in |H〉, CP does nothing. If it is in |V 〉,
however, CP changes the paths of |ψ〉 and |0〉 (and |φ〉
and |0〉). Therefore, the state after the first two CP gates
becomes
ch |H〉 |ψ〉 |0〉 |φ〉 |0〉+ cv |V 〉 |0〉 |ψ〉 |0〉 |φ〉 . (20)
We then change the paths of the third and the fifth qubits
as shown in Fig. 6(a) to obtain
ch |H〉 |ψ〉 |0〉 |φ〉 |0〉+ cv |V 〉 |0〉 |φ〉 |0〉 |ψ〉 . (21)
The next two CP gates reverse the initial controlled-path
change, so that the final state becomes
ch |H〉 |ψ〉 |0〉 |φ〉 |0〉+ cv |V 〉 |φ〉 |0〉 |ψ〉 |0〉 . (22)
Figure 6(c) presents an alternative way to construct an
effective C-SWAP gate in the circuit. In place of the two
CP gates after the path exchange, two beam splitters and
four detectors are used. Furthermore, depending on the
measurement outcomes of the detectors, a pi phase shift
may be performed on the target qubit. The state after
the first CP gates and the path exchange is in Eq. (21).
As states |ψ〉 and |φ〉 are single photon states, there are
four possibilities of detection after the two 50:50 beam
splitters: (D1, D3), (D1, D4), (D2, D3), (D2, D4) where
the detector numbers are indicated in Fig. 6(c). The final
state that gives rise to these possibilities are
ch |H〉 |ψ〉 |0〉 |φ〉 |0〉+ cv |V 〉 |φ〉 |0〉 |ψ〉 |0〉 , (23)
−ch |H〉 |ψ〉 |0〉 |0〉 |φ〉+ cv |V 〉 |φ〉 |0〉 |0〉 |ψ〉 , (24)
−ch |H〉 |0〉 |ψ〉 |φ〉 |0〉+ cv |V 〉 |0〉 |φ〉 |ψ〉 |0〉 , (25)
ch |H〉 |0〉 |ψ〉 |0〉 |φ〉+ cv |V 〉 |0〉 |φ〉 |0〉 |ψ〉 , (26)
in the same order. For the (D1, D4) or (D2, D3) case, a
pi phase shift should be performed on the target qubit. In
this way, the same process for the overlap measurement
7can be performed using only half the number of C-NOT
gates compared to the scheme in Fig. 6(a). It is interest-
ing to note that in the expense of the reduced number of
C-NOT gates, exactly the same number of photodetec-
tors have been inserted.
The method presented in Fig. 6(c) may be useful be-
cause an all-optical C-NOT gate requires a pre-arranged
entangled state and is typically nondeterministic [64, 65].
The whole process described in this subsection can be
extended to any two states with an arbitrary number
of photons in each state. For example, an extension of
the scheme in Fig. 6(a) with two states ρa and ρb is de-
picted in Fig. 6(d). In the same manner, the schemes
in Fig. 6(c) can be extended to any two states with an
arbitrary number of photons.
VI. EXPERIMENTAL IMPERFECTIONS
So far, we have discussed various overlap measurement
schemes, any of which can be adopted to detect macro-
scopic quantumness I as detailed in the previous sections.
In this section, we discuss the effects of two experimen-
tal imperfections: finite time resolution and imperfect
detection efficiencies.
A. Effects of coarse-grained measurement
In an experiment, one is forced to use a finite value
of ∆τ in Eq. (10), which leads to a certain amount of
error in detecting I. Below, we discuss through specific
examples the effects of such coarse-grained implementa-
tions. The first example is SCSs [6, 26–29] under the
decoherence effect described by Eq. (8):
ρscs(τ) = N
{
|tα〉〈tα|+ |−tα〉〈−tα|
+ Γ(τ) (|tα〉〈−tα|+ |−tα〉〈tα|)
}
, (27)
where t = exp(−τ/2), Γ(τ) = exp [−2 (1− e−τ ) α2], and
N is the normalization factor. Macroscopic quantumness
is obtained as
I(α, τ) = 〈nˆ(0)〉 e
−τ sinh
[
2 (2 e−τ − 1)α2]
sinh 2α2
, (28)
where 〈nˆ(0)〉 = α2 tanhα2 denotes the average number
of photons at τ = 0. This type of decoherence can be
implemented using a beam splitter of reflectivity r =√
1− e−τ . Note that for a pure SCS, the measure I
equals the average photon number, i.e., I(α, 0) = 〈nˆ(0)〉.
Now, suppose that one intends to measure I for ρscs(τ).
This requires the purity of the state be measured twice
at τ and τ + ∆τ . As explained earlier, one may use two
beam splitters of appropriate ratios to obtain ρscs(τ) and
FIG. 7. (Color online) Coarse-grained version of macroscopic
quantumness, I∆τ , as a function of ∆τ that can be measured
via the proposed scheme. The values are obtained for SCSs
under decoherence ρscs(τ) with (a) α = 1 and (b) α = 2 as well
as number states (c) |2〉 and (d) |3〉 under decoherence. The
solid, dashed and dotted curves in each figure corresponds to
τ = 0, τ = 0.1 and τ = 0.2, respectively.
ρscs(τ + ∆τ). The purity of the SCS is
P(ρscs(τ)) = Tr[ρ2scs(τ)]
= tanhα2
2 + 2 cosh 2α2 + cosh
[
2 (2 e−τ − 1)α2]
2 sinh 2α2
.
(29)
Using Eqs. (10) and (29), we obtain and plot the mea-
sured quantity, I∆τ (ρscs), as a function of ∆τ for several
choices of τ in Figs. 7(a) and 7(b). Of course, the mea-
sured quantity I∆τ (ρscs) approaches the precise quantity
I(α, τ) when ∆τ → 0. One can see that a smaller value
of ∆τ is required for larger α in order to precisely assess
the value of I.
The next example we consider are photon number
states |2〉 and |3〉. These states evolve under the deco-
herence as
ρ|2〉(τ) =e−2τ |2〉〈2|+ 2 e−τG |1〉〈1|+ G2 |0〉〈0| , (30)
ρ|3〉(τ) =e−3τ |3〉〈3|+ 3 e−2τG |2〉〈2|
+ 3 e−τG2 |1〉〈1|+ G3 |0〉〈0| , (31)
where G = 1− e−τ , and their purities are obtained as
P(ρ|2〉(τ)) = e−4τ + 4 e−2τG2 + G4, (32)
P(ρ|3〉(τ)) = e−6τ + 9 e−4τG2 + 9 e−2τG4 + G6. (33)
The precise values of macroscopic quantumness for
ρ|2〉(τ) and ρ|3〉(τ) are then
I(|2〉 , τ) =2 e−4τ − 4 e−3τG + 4 e−2τG2 − 2 e−τG3, (34)
I(|3〉 , τ) =3 e−6τ − 9 e−5τG + 18 e−4τG2
− 18 e−3τG3 + 9 e−2τG4 − 3 e−τG5. (35)
8respectively. Figures 7(c) and 7(d) plot the coarse-
grained measure, I∆τ , as a function of ∆τ . We observe
a similar behavior to that of the SCSs; a smaller value of
∆τ is required for a larger number of photons in order to
precisely represent I.
We conclude that given a small enough value of ∆τ ,
the coarse-grained measure I∆τ is not too different from
I, and one can safely propose I∆τ itself as the measure
of macroscopic quantumness. The latter is then a coarse-
grained version of I:
1
∆τ
∫ ∆τ
0
dt I(ρ) = I∆τ (ρ), (36)
which follows from Eqs. (6) and (10).
B. Effects of detection inefficiency
Another imperfection present in experiments is detec-
tion inefficiency, which we investigate here for both the
direct and C-SWAP schemes.
1. Direct measurement scheme
We first give our attention to harmonic oscillator states
where experimentally demanding parity measurements
are required. A single mode optical state ρin (here, the
subscription in means ‘input’) can be expressed in the
Glauber-Sudarshan representation
ρin =
∫
d2α Pin(α) |α〉〈α| , (37)
where P (α) is called the P function. Using this represen-
tation, we can calculate how the input states evolve under
the direct measurement scheme described in Sec. IV A
(see Fig. 5). The state in the upper arm after a 50:50
beam splitter, ρmid, is
ρmid = Tr
[
UR
(
ρin ⊗ ρin
)
U†R
]
=
∫
d2α d2β Pin(α)Pin(β)
∣∣∣∣α+ β√2
〉〈
α+ β√
2
∣∣∣∣ ,
(38)
where the trace is taken over the field in the bot-
tom arm. An imperfect detector with efficiency η
is modeled by placing a beam splitter with trans-
mittance η in front of a perfect detector. The
beam splitter operator is Uη = exp
[
θ ( aˆ†0aˆ1 − aˆ1aˆ†0 )
]
with transmittance η = cos2 θ. When Uη is ap-
plied to two coherent states, it yields Uη |α〉 |β〉 =∣∣√η α+√1− η β〉 ∣∣−√1− η α+√η β〉. After passing
through such a beam splitter, the state ρout to be de-
FIG. 8. (Color online) Measured macroscopic quantumness
I˜ for SCSs with (a) α = 1 and (b) α = 2 as well as number
states (c) |2〉 and (d) |3〉 as a function of detection efficiency
η. The solid, dashed and dotted curves correspond to τ = 0,
τ = 0.1 and τ = 0.2, respectively, in each figure.
tected is
ρout = Tr
[
Uη
(
ρmid ⊗ |0〉〈0|
)
U†η
]
=
∫
d2α d2β Pin(α)Pin(β)
∣∣∣∣√η2 (α+ β)
〉〈√
η
2
(α+ β)
∣∣∣∣ ,
(39)
where the trace is now over the reflected arm of the beam
splitter. The final result of the measured purity P˜ is then
given by
P˜ =
∑
n
(−1)n 〈n| ρout |n〉
=
∫∫
d2α d2β Pin(α)Pin(β) e
−η (α+β)2 , (40)
which is obtained using
∑
n(−1)n〈n |α〉〈α|n〉 = e−2α
2
.
Using this formula we will investigate the effects of de-
tection inefficiency through the two examples used above.
The first example is an SCS under the decoherence effect
described by Eq. (27). Its measured purity with detection
efficiency η is
P˜ = tanhα2 2 + cosh 2α
2 + cosh
[
2 (2 η e−τ − 1)α2]
2 sinh 2α2
,
(41)
which yields the measured macroscopic quantumness
I˜(α, η, τ) = −1
2
d P˜
d τ
= α2 tanhα2
η e−τ sinh
[
2 (2 η e−τ − 1)α2]
sinh 2α2
.
(42)
9I˜(α, η, τ) as a function of η for three τ cases is plotted in
Figs. 8(a) and 8(b).
The measured macroscopic quantumness for the num-
ber states are:
I˜ (|2〉 , η, τ) =− 2 η e−τ + 10 η2 e−2τ
− 18 η3 e−3τ + 12 η4 e−4τ , (43)
I˜ (|3〉 , η, τ) =− 3 η e−τ + 24 η2 e−2τ − 84 η3 e−3τ
+ 156 η4 e−4τ − 150 η5 e−5τ + 60 η6 e−6τ ,
(44)
which are plotted in Figs. 8(c) and 8(d). In both the
cases, the measured values degrade as η decreases, while
the number states are slightly more robust against the
detection inefficiency.
We also briefly address inefficiency in the direct mea-
surement schemes for qubits in Sec. 4.B. Consider the
first method involving the spin-beam-splitter operation
described by the Hamiltonian in Eq. (13) and a measure-
ment of (−1)|1〉〈1|⊗|0〉〈0|. Assume that there are detectors
that can distinguish between |0〉 and |1〉, whose ineffi-
ciency is such that these two states can be missed with
equal probability. Then the detector inefficiency has no
effect on the value of the measured observable, because
it simply changes the total number of counts that has
no effect on the measurement probabilities. Similarly,
the effect of known detector inefficiency in the second
method summarized by Eq. (15) can be taken into ac-
count in the calculation of the overlap from raw data.
Here, the inefficiency in measuring the antisymmetric
part of a subsystem in single site (involving two qubits)
can be determined prior to the overlap measurement and
subsequently used to counterbalance the bias due to the
detector inefficiency.
2. Controlled-Swap Schemes
In the C-SWAP schemes, the control qubit (e.g. a po-
larized photon) may be lost before the detector because
of the detection inefficiency. The result is a reduced num-
ber of counts, but since the detection efficiency is usually
known, the correct number of counts can always be in-
ferred, yielding straightforwardly the correct value of the
purity. Furthermore, because there is only one qubit that
needs to be detected at the final detector unlike in the
direct measurement schemes, the effect of detection inef-
ficiency can be easily corrected. This is an advantage of
the C-SWAP schemes compared to the direct measure-
ment schemes.
The correction of the inefficiency in detectors D1 to
D4 in Fig. 6(c) is even easier, because the runs that do
not have two detector clicks are simply discarded. On
the other hand, if the fidelity of the CP gates is limited,
it may cause the outcomes at D1-D4 to be biased and
therefore degrade the accuracy of the final result. Such
effects may be caused by the limited fidelity of the re-
source entangled states or mode mismatching at beam
splitters.
VII. SUMMARY AND DISCUSSIONS
In this paper, we have briefly reviewed macroscopic
quantumness I and described experimental methods to
measure the quantity without requiring quantum state
tomography, both for harmonic oscillator and qubit
systems. Broadly, these methods can be sorted into
two categories: Direct measurement schemes and C-
SWAP schemes. After summarizing previously proposed
schemes to achieve overlap measurements that can be ap-
plied to our purpose, we proposed a new C-SWAP scheme
for single-photon polarization qubits. We have investi-
gated effects of experimental limitations such as imper-
fect detection efficiencies and finite time resolutions.
Our method provides means to detect the macroscopic
quantumness of various states such as SCSs [6, 26–29] in
experiments without the need of quantum state tomogra-
phy. For fully tomography, the number of measurement
settings increases exponentially with the size of the state
under consideration, whilst our scheme requires only two
measurement settings, i.e., with and without induced de-
coherence. For qubit tomography, the number of mea-
surement settings increases as ∼ 4n where n is the num-
ber of qubits [71, 72]. In contrast, only two settings are
required for our scheme where simply the number of re-
quired detectors linearly increases as ∼ n as shown in
Fig. 4. A similar argument is applied to the case of har-
monic oscillator states where many homodyne settings
are necessary to perform a full tomography of an ar-
bitrary state [73], while our method only requires two
settings (again, with and without induced decoherence)
with parity measurements.
Since the measure can be applied to mixed states [18],
highly mixed states with nonclassical features [66–69] can
also be analyzed. Furthermore, macroscopic superposi-
tions and entanglement of spin systems [70] under de-
phasing effects may be simulated using the proposed op-
tical setup to experimentally explore their behavior in
terms of macroscopic quantumness.
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